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Abstract
The stochastic fatigue life and reliability evaluation for aero-engine turbine blades under
complex operating conditions is a crucial yet challenging task in engine design and
maintenance. In this study, a unified framework for hybrid high-, low-cycle and creep fatigue
life and reliability analysis of turbine blades based on direct probability integral method (DPIM)
is proposed. Firstly, the basic theories of combined high-and-low-cycle fatigue (CCF),
creep–fatigue cumulative damage, and fatigue reliability are introduced. Secondly, the formulas
of the mean, standard deviation, and probability density function of stochastic fatigue life are
derived via the probability density integral equation. For CCF reliability analysis, an efficient
hybrid time–frequency domain method is established, in which the stress power spectral density
function is obtained via frequency-domain method, and the stochastic stress time histories are
generated. Moreover, DPIM is utilized to perform the creep–fatigue reliability estimation of
turbine blades. Finally, the high accuracy and efficiency of the proposed method are validated
against direct Monte Carlo simulation (MCS) and surrogate model-based MCS. The results
demonstrate that DPIM can uniformly and efficiently solve the statistical moments of stochastic
combined fatigue life and fatigue reliability for turbine blades. Additionally, the significant
effect of component coupling terms in combined fatigue damage on reliability is revealed.
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1. Introduction

The fatigue failure of turbine blades is a critical concern
due to cyclic loading within the harsh high-temperature,
high-pressure operating environments of aircraft engines [1].
According to statistics [2], 49% of engine blade failures are
caused by the fatigue failure. However, both the parameters
of materials and operational loads of turbine blades present
uncertainties [3, 4]. These loads can be summarized as fol-
lows: low-frequency centrifugal loads generated by the high-
speed rotation, aerodynamic loads induced by gas flow on
the blade, thermal loads resulting from non-uniform temperat-
ure distribution, and high-frequency dynamic excitations [5].
Consequently, it is imperative to conduct fatigue reliability
analysis for the global safety assessment and cost reduction
of aero-engines [6, 7].

The fatigue damage of turbine blades can be categorized
into four classes [8]: low-cycle fatigue (LCF), high-cycle
fatigue (HCF), combined high-and-low-cycle fatigue (CCF),
and creep fatigue. At present, the most researches on fatigue
damage analysis for turbine blades are predominantly based
on a single damage mechanism, which is not in line with the
actual situations. This is mainly due to the lack of a unified
approach to dealingwith the issues of high and low frequencies
as well as creep fatigue. In practice, turbine blades are subject
to coupled damage involving LCF, HCF, and creep–fatigue,
among others, during operation. Consequently, the CCF dam-
age and creep fatigue damage are more representative of actual
engineering conditions. Nevertheless, the accurate and effi-
cient reliability analyses of CCF and creep fatigue are para-
mount yet challenging tasks.

There are a series of studies on CCF analysis of mech-
anical and aerospace structures. Oakley and Nowell [9] pro-
posed a fatigue life prediction method for combined high-
and LCF loading considering foreign object damage. Based
on strain–life curves and a damage index, Karunananda et al
[10] established a life prediction method. Schweizer et al [11]
presented amechanism-basedmodel to explain the accelerated
crack growth rate leading to critical crack length. For CCF
reliability analysis, Yue et al [12] conducted CCF reliability
analysis of turbine blades by integrating the stress–strength
interference theory and dynamic reliability model consider-
ing strength degradation. Then, a nonlinear cumulative dam-
age model [13] under combined high-and-low-cycle loading
was proposed by introducing a damage threshold dependent on
HCF damage and material properties. Additionally, the adapt-
ive least squares support vector machines [14] was developed
to reduce computational burden of Monte Carlo simulation
(MCS) in CCF reliability assessment. Gao et al [15] proposed
a substructure-based Kriging surrogate model for fatigue life
prediction and reliability assessment, which enhanced compu-
tational efficiency compared to MCS. Jiang et al [16] invest-
igated the effects of stress and strength parameters on turbine
blade fatigue reliability using a dynamic reliability model with
the assumption of lognormal distribution for fatigue life.

On the creep–fatigue analysis, Kalyanasundaram et al
[17] analyzed the creep rupture response of nickel-based

superalloy. The creep fatigue damage of directionally solid-
ified CM247LC superalloy was studied by Kumar et al
[18]. For creep–fatigue reliability analysis, Zhang et al [19]
developed a fuzzy multi-extreme response surface method for
creep fatigue damage evaluation. Yun et al [20] proposed a
reliability estimation method for combined fatigue life based
on an adaptive Kriging model that defines a limit state func-
tion based on the equivalent inverse strain range, obviating
the need to solve the Manson–Coffin equation. Deng et al
[21] presented an improved Kriging-based hierarchical col-
laborative method, which adopts a dynamic hybrid ant colony
algorithm to obtain the optimal parameters. Li et al [22]
enhanced the accuracy of creep fatigue life prediction by
extending the traditional creep fatigue interaction diagram and
proposing a robust and flexible assessment method based on
a three-dimensional damage interaction diagram. Gao et al
[23] introduced a substructure-based distributed collaborat-
ive surrogate modeling method that considers the multi-source
uncertainties and the nonlinearity of creep–fatigue damage
interaction.

The aforementioned combined fatigue reliability ana-
lysis methods can be primarily classified into three categor-
ies: direct MCS, probabilistic distribution assumption-based
approaches, and surrogate model-based approaches. Among
these methods, MCS is the most versatile but suffers from low
computational efficiency [24, 25]. The applicability of prob-
abilistic distribution assumption-based approaches is limited,
and the estimation accuracy is highly dependent on the form of
assumed distribution. Furthermore, the accuracy of surrogate
model-based approaches for strongly nonlinear dynamic prob-
lems requires further improvement. Moreover, existing meth-
ods for combined fatigue reliability analysis generally fail
to simultaneously determine crucial statistical moments and
probability density function (PDF) of the combined fatigue
life. Consequently, the development of a more efficient and
precise method is desirable [26]. Based on the principle of
probability conservation, Chen and Yang [27] proposed the
direct probability integral method (DPIM), which is a uni-
fied method for addressing stochastic statics and dynamics
problems. DPIM can efficiently and uniformly solve linear
and nonlinear, static and dynamic structural reliability analysis
problems [28, 29], providing a promising tool for the fatigue
reliability analysis of turbine blades [30].

On the basis of DPIM, this study proposes a novel and
unified stochastic analysis framework that simultaneously
determines statistical moments, PDF of combined fatigue life,
and combined fatigue reliability. The main contributions of
this paper are presented as follows:

(1) The formulas of the mean, standard deviation, PDF of
the combined fatigue life, and reliability of engine turbine
blades in input sample space are derived based on prob-
ability density integral equation (PDIE). In the context of
DPIM, considering the multi-source randomness of struc-
tural parameters and excitations as well as the nonlinear
interactions of components in combined fatigue failure, an

2



J. Reliab. Sci. Eng. 2 (2026) 015002 H Li et al

efficient and unified analysis of stochastic combined life
and reliability is performed for a typical turbine blade.

(2) Since CCF problems couple LCF with random parameters
and HCF under random excitations, the prohibitive com-
putational cost of time-domainmethods poses a significant
challenge. This paper proposes a hybrid time–frequency
domain method that combines frequency-domain analysis
with a stress time history generation strategy, substantially
enhancing the efficiency of CCF analysis.

(3) The nonlinear interactions between LCF and HCF and
between the creep and fatigue have a significant impact on
combined fatigue reliability. Fatigue damage models that
neglect these interactions tend to overestimate the fatigue
reliability of turbine blades, potentially leading to non-
conservative designs.

The remainder of the study is organized as follows. In
section 2, the theory aspects of fatigue cumulative damage,
combined fatigue life and reliability are introduced. Section 3
elaborates the new procedures for computing stochastic
responses and reliability of combined fatigue based on DPIM.
In section 4, the accuracy and efficiency of the proposed
method are validated by numerical examples, and the influ-
ence factors on uncertainty propagation are examined. Finally,
some findings and insights are summarized in section 5.

2. Combined fatigue reliability of turbine blades

In this section, the combined fatigue reliability models of
turbine blade are presented, in which the fatigue cumulat-
ive damage theories of CCF and creep–fatigue are different.
Furthermore, due to the randomness of structural paramet-
ers and high-frequency excitations, the fatigue damage of the
turbine blade becomes a random variable. Consequently, the
structural fatigue failure mode is described by a limit state
function incorporating random fatigue damage. Accordingly,
the fatigue reliability of turbine blade can be obtained by solv-
ing the PDF of the fatigue limit state function.

2.1. Fatigue cumulative damage theory

In engineering practice, many mechanical structures service
in long-term vibration environment, resulting in the insidi-
ous accumulation of fatigue damage that remains undetected
during routine inspections. This damage eventually exceeds
the fatigue limit of material, leading to structural fatigue fail-
ure. Based on the concept initially proposed by Palmgren,
Miner developed the linear cumulative damage theory [31,
32] to address this issue. The theory depends on two key
assumptions: zero-mean symmetric cyclic loading, and the lin-
ear damage proportional to the number of cycles at each stress
level. Consequently, the total fatigue damage is calculated by

D=

j∑
i=1

Di =

j∑
i=1

ni
Ni

, i = 1,2, . . . , j (1)

where ni means the number of cycles at stress level Si, Ni
denotes the fatigue life corresponding to stress level Si accord-
ing to the fatigue life prediction model, and Di is the fatigue
damage caused by the current stress level.

2.2. Combined fatigue cumulative damage models of turbine
blades

There are various prediction models for fatigue damage of
turbine blades under different operating conditions. However,
most of these models suffer from the limitation in applicab-
ility, since no single model in existing studies can accurately
predict fatigue damage for all materials and all working con-
ditions. This subsection first reviews the LCF and HCF dam-
age theories which are the base of the combined fatigue dam-
age. Then, the fatigue cumulative damage models for CCF and
creep–fatigue in turbine blades are introduced, respectively.

2.2.1. Low-cycle and high-cycle fatigue (LCF–HCF) damage.
Due to the high stress amplitudes, LCF damage must account
for the combined effects of elastic and plastic strain. The
strain-based fatigue life approach is commonly employed [33],
based on the following Manson–Coffin formula [34, 35] that
relates the strain to fatigue life

εa =
σ ′

f

E
(2Nf)

b
+ ε ′

f (2Nf)
c (2)

where Nf represents the fatigue life under the corresponding
stress level, εa is the total strain amplitude, Emeans the elastic
modulus, σ ′

f denotes the fatigue strength coefficient, σ
′
f indic-

ates the fatigue ductility coefficient, b is the fatigue strength
exponent, and c means the fatigue ductility exponent.

The effect of asymmetric cyclic loading on structural
fatigue damage is quantified using the Morrow total strain
correction formula to correct for mean stress [36], which is
given by (

σ ′
f−σm
σ ′

f

)[
σ ′

f

E
(2Nf)

b
+ ε ′

f(2Nf)
c
]
= εa (3)

in which σm denotes mean stress.
The primary characteristics of HCF are low stress amp-

litudes and a large number of cycles, wherein fatigue dam-
age is attributed to elastic deformation. Consequently, HCF
life prediction is commonly performed using the stress-based
fatigue life approach, i.e. the S–N curve, which is typically
expressed by the Basquin equation [2] as follows

σa = σ ′
f(2Nf)

b
. (4)

The S–N curve is employed to describe the fatigue perform-
ance of material under cyclic loading. It is typically derived by
fitting experimentally obtained data to determine its paramet-
ers. Then, the structural fatigue life can be directly computed
according to the S-N curve.
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Figure 1. High-low cycle combined fatigue load spectrum.

2.2.2. CCF damage model of turbine blades. The CCF
indicates such a failure mode resulting from the interaction
of LCF and HCF loads. LCF, characterized by high stress
amplitudes, causes elastoplastic damage, whereas the HCF,
with low stress amplitudes, primarily induces elastic damage.
Additionally, the coupling damage caused by the interaction
between LCF and HCF should be considered in this case.

In general, the load spectrum of CCF is described by the
high-cycle load amplitude∆σH, high-cycle load frequency fH,
low-cycle load amplitude ∆σL, and low-cycle load frequency
fL. The CCF life is directly influenced by these four parameters
[12], as illustrated in figure 1.

The prediction of the CCF life can be improved by introdu-
cing two parameters: the ratio m of high-to-low cycle, and the
high-to-low stress amplitude ratio α. Additionally, since the
HCF in this study accounts for stochastic stress time histor-
ies, the high-cycle stress amplitude∆σH is not a deterministic
constant; thus, it is replaced by its mean value∆σ̄H

m=
fH
fL

(5)

α=
∆σ̄H
∆σL

. (6)

In the case of CCF, the linear cumulative damage theory eval-
uates the damage contributions from high-cycle and low-cycle
loading independently, relying on linear superposition to com-
bine the effects. In the life prediction model of CCF based on
Miner’s theory, the damage caused by a single combined cycle
is defined as

D=
nHCFi
NHCFi

+
1

NLCF
(7)

where NHCFi means the predicted HCF life under the stress
with amplitude i, NLCF denotes the predicted LCF life, and
nHCFi is the number of high-cycle loading.

However, it is shown by experimental studies [37] that
there is a significant coupling effect between the LCF dam-
age dominated by plastic strain and the HCF damage domin-
ated by elastic strain. Consequently, the estimated CCF life
using Miner’s rule has a considerable error, leading to unsafe
predictions.

Hence, to more accurately quantify the actual damage of a
material under combined high-and-low-cycle loads, the inter-
action damage produced by m HCF loading cycles and one
LCF loading cycle is considered. Based on the coupling rela-
tionship between the high-to-low stress amplitude ratio α, and
the high-to-low cycle ratio m, the coupling damage factor Dc

is defined as [5]:

Dc =
1

(1+m) log(N̄HCF)
α (8)

where N̄HCF represents the mean value of predicted HCF lives
under stress amplitudes.

The CCF damage consists of the HCF damage, LCF dam-
age, and the high-and-low-cycle coupling fatigue damage [5].
Thus, the total damage per combined cycle is

D=
nHCFi
NHCF

+
1

NLCF
+Dc

=
nHCFi
NHCF

+
1

NLCF
+

1

(1+m) log(N̄HCFi)
α . (9)

In this study, equation (9) is employed to analyze the CCF
damage of turbine blades. Consequently, LCF and HCF dam-
age can be analyzed separately. Subsequently, the coupling
damage factor Dc is determined using equation (8), where the
distinction between high- and LCF lives is characterized by
the high-to-low cycle ratio m. Finally, the total CCF damage
is obtained by substituting these components into equation (9).

2.2.3. Creep–fatigue damage model of turbine blades.
The creep is defined as the time-dependent and irrevers-
ible deformation phenomenon that occurs under stress levels
below the yield strength. Metallic materials exhibit signific-
ant creep in high-temperature environments, and the evolution
of their deformation can be divided into three typical stages.
In the primary stage, the creep rate of the material gradu-
ally decreases and the creep resistance increases; during the
steady-state creep stage, the creep rate tends to be stable; in the
final creep stage, the creep rate increases rapidly until mater-
ial fracture occurs. Engineering research usually focuses on
the creep behavior in the steady-state stage.

Turbine blades operating in extreme environments are sub-
jected to creep–fatigue interaction, where creep and LCF syn-
ergistically promote failure. Failure under creep–fatigue inter-
action is a common failure mode for turbine blades. The dam-
age mechanism associated with creep–fatigue interaction is
distinct from that of pure LCF or creep. For components sub-
jected to high-temperature and high-stress environments, the
creep–fatigue life is generally shorter than those under pure
LCF or creep conditions [38].

Current creep experiments on metallic materials often
employ accelerated life testing methods. The creep life is
then evaluated by extrapolation techniques based on the
acquired short-term experimental data obtained. The time–
temperature parameter method utilizes the experimental time,
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temperature, and stress level to calculate the material’s creep
life, making it a prevalent tool in engineering practice. The
most commonly used time–temperature parameter method in
engineering is Larson–Miller parameter method [39, 40], as
written by

lgσm = a0 + a1P+ a2P
2 + a3P

3 (10)

P=
T(lg tr+C)
100000

(11)

where tr is the creep rupture time, T is the temperature of blade
surface, σm is the stress, and ai (i= 0, 1, 2, 3) are the paramet-
ers of Larson–Miller model.

The life-time fraction method is employed to describe
fatigue–creep interaction damage. This approach decomposes
the total damage D into the fatigue damage term Df and the
creep damage term Dcreep. The general expression for this
method is

Df =

j∑
i=1

ni
Nfi

(12)

Dcreep =

j∑
i=1

ti
tri

(13)

D= Dcreep +Df =

j∑
i=1

(
ti
tri

+
ni
Nfi

)
(14)

whereNfi is the fatigue life under a specific load, ni is the num-
ber of cycles under the corresponding load, ti is the actual load-
ing time at that load, and tri is the creep rupture time under the
corresponding load.

As the linear cumulative damage method fails to cap-
ture the interaction between fatigue and creep, numer-
ous researchers proposed various modifications to the the-
ory. Lagneberg and Attermo [41] presented a nonlinear
cumulative damage model based on the time-life fraction
method to represent the interaction between the fatigue and
creep, i.e.

D=

j∑
i=1

(
ti
tri

+
ni
Nfi

)
+B

((
j∑

i=1

ni
Nfi

)
×

(
j∑

i=1

ti
tri

))1/ 2

(15)

where B is the coupling coefficient for creep and fatigue. The
magnitude of coupling coefficient B represents the strength of
the interaction between fatigue and creep. When B > 0, the
interaction accelerates structural failure; whenB< 0, the inter-
action mitigates structural failure; and when B= 0, indicating
no interaction, the equation degrades into the linear cumulative
damage formula.

2.3. Fatigue reliability of turbine blade

The fatigue reliability of a turbine blade is governed by the
fatigue limit state function, which is a function of cumulat-
ive fatigue damage [42, 43]. In this study, the randomness
arising from random material parameters, random paramet-
ers of fatigue damage model, and random excitations is con-
sidered. The random vector Θ can be used to characterize
the randomness from these various sources. Therefore, the
fatigue limit state function (a special system response) can be
expressed as

Z(t) = g(Θ, t) = 1− D(Θ, t)
Dc

(16)

in which Dc is the damage threshold and D is the cumulative
damage value.

In most cases, the damage threshold is taken as 1, and some
special engineering structures or materials may use a value of
0.7. In this study, Dc = 1 is adopted.

Thus, the fatigue reliability for the turbine blade is given
by

R(t) = Pr [Z(Θ, t)> 0] =
ˆ ∞

0
pZ (z, t)dz (17)

where pZ(z, t) is the PDF of the limit state function.

3. Fatigue reliability calculation of turbine blades
based on DPIM

Due to the inevitable uncertainties in structural parameters and
excitations [44, 45], it is of great importance to investigate
the random fatigue damage and fatigue reliability of turbine
blades. This study adopts the DPIM, recently proposed by the
team of authors, to address this problem. The DPIM enables
efficient and unified solutions for the PDFs of responses and
reliability of systems involving random parameters and (or)
excitations [46–48]. Furthermore, the DPIM has been applied
to the LCF and HCF reliability analysis of turbine blades [30].
In this section, the fundamental theory of DPIM is briefly
introduced. Subsequently, the related formulas of CCF and
creep–fatigue reliability analyses in the context of DPIM are
established.

3.1. Basic idea of DPIM

For a stochastic dynamic system, the uncertainty propagation
and evolution of random events obey the principle of probab-
ility conservation. It means during the propagation and evol-
ution of random uncertainty from system input to output, the
probability measure determined by the random source remains
invariant [27, 49, 50]. Accordingly, there is the equation of
probability conservation

ˆ
ΩZ

pZ (z, t)dz=
ˆ
ΩΘ

pΘ (θ)dθ (18)
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where pΘ(θ) means the joint PDF of random input vector;
pZ(z, t) indicates the PDF of random response Z at the instant
t;ΩΘ denotes the input sample space or its arbitrary subset;Ωz

is the output sample space or corresponding subset, which is
determined by the mapping g(ΩΘ, t). Equation (18) expresses
the principle of probability conservation [49, 50], which is
a fundamental principle in probability theory and stochastic
mechanics. The principle of probability conservation implies
the occurrence probability of random output response at any
time instant t is equal to that of random input event, and has
the symmetry of time translation.

Based on equation (18), Chen and Yang [27] derived
the PDIE of stochastic response that describes the law of
uncertainty propagation from the input to output in static
and dynamic systems. Specifically, the PDIE of stochastic
response for a dynamic system can be expressed as

pZ (z, t) =
ˆ
ΩΘ

δ [z− g(θ, t)]pΘ (θ)dθ (19)

in which δ indicates the Dirac delta function, which is a linear
functional. PDIE is a special integral equation with general-
ized function, which is different from the common Fredholm
and Volterra integral equations.

Note that similar to the equation of probability conserva-
tion equation (18), probability density integral equation (19)
also holds true at any instant, but the PDF of response pZ(z,
t) varies with the time. In equation (19), the system response
is usually unknown, and needs to be solved numerically by
the governing equation of system. Herein, the response (limit
state function) of turbine blade is determined by equation (16),
which is expressed as a time-varying mapping.

According to the PDIE and the sifting property of Dirac
function, the integral formula over the input sample space for
the mean of the stochastic dynamic response Z(t) can be read-
ily derived, namely,

E [Z(t)] =
ˆ
ΩZ

zpZ (z, t)dz

=

ˆ
ΩΘ

{ˆ
ΩZ

zδ [z− g(θ, t)]dz

}
pΘ (θ)dθ

=

ˆ
Ω

Θ

g(θ, t)pΘ (θ)dθ. (20)

Similarly, the variance of stochastic dynamic response Z(t) is
written by

D [Z(t)] = E
[
Z(t)2

]
−E[Z(t)]2

=

ˆ
Ω

Θ

g(θ, t)2pΘ (θ)dθ−

(ˆ
Ω

Θ

g(θ, t)pΘ (θ)dθ

)2

.

(21)

By coupling the physical mapping with the PDIE and employ-
ing numerical methods for solution, the PDFs of the fatigue
life or fatigue limit state function can be obtained. The gen-
eralized F-discrepancy based representative point selection

method [51] is adopted to determine the representative points
and assigned probabilities, corresponding to the integration
points and weights. Then, the PDF of stochastic dynamic
response is numerically expressed as


Zq (t) = g(θq, t)

pZ (z, t) =
M∑
q=1

{
⌢

δ [z− g(θq, t)]Pq

}
(22)

where θq means the representative points, and Pq denotes the
assigned probabilities. The assigned probability of qth repres-
entative point is obtained by the following formula

Pq =
ˆ
ΩΘ,q

pΘ (θ)dθ (23)

in whichΩΘ,q is the representative subdomain, i.e. the Voronoi
cell determined by the representative point θq

ΩΘ,q = {x ∈ Rs : x−θq ⩽ x−θj for all j} (24)

where s indicates the number of random variables.
Additionally, due to the discontinuity of Dirac delta func-

tion, Gaussian function is employed in this study for smooth-
ing the Dirac function, expressed as

⌢

δ [z− g(θq, t)] =
1√

2πλ(t)
e−[z−g(θq,t)]

2/2λ2

(25)

where the smoothing parameter λ(t) is determined adaptively
by the following formula

λ(t) =
A

M
1
5

min
q=1,2,...,M

{
std [g(θq, t)] ,

iqr [g(θq, t)]
1.34

}
(26)

in whichM refers to the number of representative points, std[·]
denotes the standard deviation, iqr[·] is the interquartile range,
and the smoothing factor A is taken as the values in (0, 1] and
is fixed at 0.9 [28] in this study.

Similarly, the mean and variance of stochastic response can
be discretized as follows

E [Z(t)] =
M∑
q=1

g(θq, t)Pq (27)

D [Z(t)] =
M∑
q=1

g2 (θq, t)Pq−

 M∑
q=1

g(θq, t)Pq

2

. (28)

Consequently, the DPIM enables the determination of the
mean, standard deviation, and PDF of the fatigue life for tur-
bine blades in a unified DPIM framework. Furthermore, the
fatigue reliability curve can be obtained accordingly.
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3.2. CCF reliability analysis based on DPIM

Based on the above, by substituting the PDF of fatigue limit
state function into equation (17), the reliability of turbine blade
can be formulated as

R(t) =
ˆ ∞

0
pZ (z, t)dz

=

ˆ ∞

0

ˆ
ΩΘ

δ

{
z−
[
1− D(θ, t)

Dc

]}
pΘ (θ)dθdz. (29)

The generalized derivative of Heaviside function is Dirac delta
function [52], i.e. δ(x) = dH(x)/dx. Hence, equation (29) can
be further derived as

R(t) =
ˆ
ΩΘ

H

{[
1− D(θ, t)

Dc

]}
pΘ (θ)dθ (30)

where H[·] is Heaviside function, i.e.

H

[
1− D(θ, t)

Dc

]
=

{
1, Dc ⩾ D(θ, t)
0, Dc < D(θ, t)

. (31)

Subsequently, the time varying fatigue reliability R(t)of tur-
bine blade can be similarly solved using the representative
points θq and the corresponding assigned probabilities Pq

R(t) =
M∑
q=1

H

{[
1−

D(θq, t)
Dc

]}
Pq. (32)

The HCF damage analysis methods corresponding to the rep-
resentative points can be generally classified into time-domain
and frequency-domain approaches. While time-domain meth-
ods yield accurate results, they expend a prohibitive com-
putational cost. Conversely, frequency-domain methods suf-
fer from significant inaccuracies due to the various assumed
distributions for the PDF of stress amplitude. In practice,
the stress amplitude in the HCF damage analysis of turbine
blades is low, indicating that the deformation remains within
the elastic range. To address this issue, this study proposes a
hybrid time–frequency domain method to enhance computa-
tional efficiency, as detailed in the following procedure:

Step 1: Discretize the input probability space to obtain rep-
resentative points and assigned probabilities.

Step 2: Calculate the maximum equivalent elastic strain
εmax and the maximum equivalent stress σmax for each repres-
entative point. Subsequently, obtain the total strain amplitude
εa and the mean stress σm, determine the LCF life by Morrow
total strain correction formula in equation (3).

Step 3: Calculate the HCF life.
Step 3.1: The turbine blade subjected to stationaryGaussian

random excitation undergoes only elastic deformation. The
power spectral density (PSD) of stress response is calculated
from that of the load using frequency-domain analysis

Sσσ (ω) = |H(ω)|2SFF (ω) (33)

where Sσσ(ω) and SFF(ω) represent the PSD of stress and
excitation, respectively, H(ω) is the frequency response func-
tion matrix.

Step 3.2: Utilize the spectral representation method based
on random functions [53] to generate stress time histories cor-
responding to representative points, i.e.

σ (Θ, t) =
Mω∑
k=0

√
Sσσ (ωk)∆ω · [cos(ωkt)Xk+ sin(ωkt)Yk]

(34)

Xk and Yk are defined by random functions with two uniformly
distributed random variables

Xk = cos(kθ1)+ sin(kθ1) , Yk = cos(kθ2)+ sin(kθ2) (35)

where θ1 and θ2 are uniformly distributed within [−π, π].
Step 3.3: Adopt the rain flow counting method in time

domain to calculate the HCF life of the turbine blade.
Step 4: Calculate the ratio of high-cycle to low-cycle stress

amplitudes and obtain the CCF damage using equation (9).
Step 5: Based on DPIM, calculate the mean, standard devi-

ation, and PDF of the fatigue life, and derive the CCF reliab-
ility curve.

Consequently, the hybrid time–frequency domain method
not only circumvents the computationally expensive stress
time history analysis but also eliminates the errors arising from
assumptions regarding the PDF of stress amplitude. The flow-
chart of CCF reliability analysis incorporating DPIM is shown
in figure 2.

3.3. Creep–fatigue reliability analysis based on DPIM

Since strain deformation in creep–fatigue damage is irrevers-
ible, the creep–fatigue reliability analysis in this study con-
siders only LCF and creep damage. The analysis procedure
based on DPIM is similar to that for CCF reliability, with
the exception that the calculation models of CCF damage in
Steps 3 and 4 are replaced by creep–fatigue damage calcu-
lation models. The replaced Steps 3 and 4 are displayed as
follows:

Step 3: Calculate the creep–fatigue damage.
Step 3.1: Compute themaximum stress and strain responses

of the turbine blade.
Step 3.2: Calculate the creep life under the corresponding

stress responses using the Larson-Miller parameter method.
Step 3.3: Obtain the cumulative creep damage by using

equation (15).
Step 4: Calculate the creep–fatigue damage corresponding

to each representative point using the nonlinear cumulative
damage model proposed by Lagneberg and Attermo [41], and
determine the creep–fatigue damage life.

The whole flowchart of creep–fatigue reliability analysis
based on DPIM is shown in figure 3.

4. Numerical examples

In this section, a turbine blademade of nickel-based superalloy
DZ125, as shown in figure 4 [30], is considered. The turbine
blade is subjected to centrifugal, aerodynamic and thermal
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Figure 2. Flowchart of the CCF reliability analysis based on DPIM.

loads. More detailed information regarding the model can be
found in [30]. The stress level of turbine blade is measured by
von Mises stress.

4.1. CCF reliability of the turbine blade

The flight load spectrum associated with LCF con-
siders an operating cycle with a running speed of
0 → 9600 → 0 r min−1. Additionally, this operating cycle
is repeated 1000 times within a total engine operation time of
1000 h. The LCF damage analysis involves eight independ-
ent random parameters following normal distributions [14],
including engine rotational speed r, Young’s modulus E of the
material, material density ρ, Poisson’s ratio ν, fatigue strength
coefficient σ ′

f , fatigue ductility coefficient σ
′
f , fatigue strength

exponent b, and fatigue ductility exponent c. Among these,
the first four variables are classified as aleatory uncertain-
ties, whereas the latter four parameters represent epistemic
uncertainties. The means and standard deviations of random
parameters are listed in table 1.

Furthermore, the turbine blade undergoes HCF damage
induced by random excitations. Specifically, the PSD of ran-
dom excitation of aircraft engine acceleration is shown in

figure 5. The ratio m of high-cycle to low-cycle is set to
1000 [54].

Modal analysis for turbine blade is performed to obtain the
first 6 natural frequencies, as listed in table 2.

The PSD of base acceleration excitation of turbine blade
illustrated in figure 5, is considered to be input, and the PSD
of stress is obtained via frequency-domain analysis, as shown
in figure 6.

The generated stress time histories span 1 h with a time step
of 1 × 10−4 h. A set of M stress time histories is generated,
whereM corresponds to the number of samples in MCS or the
number of representative points in DPIM.

In this subsection, direct MCS and Kriging surrogate
model-based MCS are used for comparative calculation,
where MCS adopts 10 000 samples, while DPIM utilizes
1050 representative points via the adaptive point selection
strategy [55]. According to the solution procedure in figure 2,
after partitioning the probability space, the LCF andHCF dam-
ages corresponding to each representative point are calculated
and substituted into equation (9) to determine the CCF life
and damage. Finally, the PDF of CCF life and reliability curve
for the turbine blade are obtained by equations (22) and (32),
respectively, as shown in figures 7 and 8. For comparison,

8
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Figure 3. Flowchart of the creep–fatigue reliability analysis based on DPIM.

Figure 4. The turbine blade model.

the Kriging-based MCS also employs 1050 samples. In the
Kriging model, the first-order polynomial is set as regres-
sion function, and the Gaussian kernel is taken as correlation
model. The training samples in the Krigingmodel are identical
to the representative points in the DPIM. In figures 7 and 8,
and the horizontal axis denotes the number of operating cycles,
defined as the number of repetitions of the operating state with
a running speed of 0 → 9600→ 0 r min−1.

Furthermore, table 3 lists the comparison of results between
the DPIM, Kriging model-based MCS, and direct MCS in
terms of the mean, standard deviation of CCF life, and
Kullback–Leibler (K–L) divergence for PDFs of the CCF life.
The K–L divergence HK–L is defined by

HK−L =

∞̂

−∞

pb (z) ln
pb (z)
p(z)

dz (36)

where pb(z) denotes the PDF obtained by DPIM or Kriging
model-based MCS, and p(z) means the PDF calculated by
MCS. The K–L divergence HK–L quantifies the deviation of
the response PDF.

It is indicated that the accuracy of DPIM for fatigue reli-
ability is significantly superior to Kriging model-based MCS
compared to direct MCS at different numbers of cycles, as
presented in table 4.

The K–L divergence between the PDFs of CCF life
obtained via DPIM and direct MCS is 0.0092, which is
lower than the 0.0205 for the Kriging model-based MCS.
Additionally, the fatigue reliabilities at different cycle num-
bers indicate that DPIM possesses higher accuracy. This
demonstrates that the PDF and fatigue reliability curve derived

9
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Table 1. Distributed parameters of random variables associated with LCF.

Parameters Distribution Mean Standard deviation Parameters Distribution Mean Standard deviation

r (rev min−1) Normal 9600 480 σ′
f (MPa) Normal 1381.77 27.6354

E (GPa) Normal 99 4.95 ε′f Normal 0.68 0.0340
ρ (kg m−3) Normal 8570 428.5 b Normal –0.09 0.0018
v Normal 0.328 0.0164 c Normal –0.56 0.0112

Figure 5. Power spectral density of aircraft engine acceleration.

Table 2. The first 6 natural frequencies of the turbine blade.

Order Frequency (Hz) Order Frequency (Hz)

1 225.2 4 1124.6
2 698.3 5 1974.1
3 1039.4 6 2334.9

Figure 6. Power spectral density of stress response of turbine blade.

by DPIM are closer to those of the direct MCS. Furthermore,
the number of representative points in DPIM is only approx-
imately 10% of the sample size required for directMCS, indic-
ating the higher computational efficiency of DPIM. Therefore,
DPIM is appropriate for the stochastic CCF life and reliabil-
ity analysis of turbine blades subject to the high-and-low cycle
fatigue interaction.

Figure 9 illustrates the fatigue reliability curves of the tur-
bine blade under various conditions: Case S1 incorporates the

Figure 7. PDF of CCF fatigue life for the turbine blade by various
methods.

Figure 8. CCF fatigue reliability of the turbine blade by various
methods.

interaction between high and low cycles, Case S2 excludes
this interaction, and Case S3 considers only LCF damage. By
comparing with the reliability curves for LCF damage (S3)
and linearly cumulative damage (S2), it is revealed that the
CCF reliability (S1) is significantly lower than other. This
demonstrates that LCF damage analysis or linearly cumulative
fatigue damage analysis leads to an overestimation of fatigue

10
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Table 3. Comparison of CCF fatigue life of the turbine blade considering random parameters and random excitations by using different
methods.

CCF fatigue life (N)

MCS DPIM Error Kriging Error

Mean 11318 11386 –0.60% 11188 1.15%
Standard deviation 3736.8 3791.9 –1.47% 3599.9 3.66%
HK–L 0.0092 0.0205

Table 4. Comparison of CCF fatigue reliability of the turbine blade under different cycle numbers by using different methods.

Number of operating cycles N

CCF reliability R(N)

MCS COV DPIM Error Kriging Error

0.5 × 104 0.9868 0.12% 0.9851 0.17% 0.9812 0.57%
1 × 104 0.5723 0.86% 0.5753 –0.52% 0.5564 2.78%
1.5 × 104 0.1475 2.40% 0.1503 –1.90% 0.1212 17.83%
2 × 104 0.0247 6.28% 0.0223 9.72% 0.0168 31.98%

Note: COV means the coefficient of variation of MCS results.

Figure 9. CCF fatigue reliability curve of the turbine blade under
various conditions.

reliability for the turbine blade, potentially resulting in a haz-
ardous design. Consequently, it is crucial to account for the
nonlinear terms in high-low cycle combined fatigue analysis.

4.2. Creep–fatigue reliability of the turbine blade

The creep–fatigue reliability analysis is performed in this sub-
section to address LCF and creep damage. The load spec-
trum for LCF remains identical to that in section 4.1, while
the creep damage analysis mainly incorporates the influence
of the randomness in inlet temperature. The creep–fatigue
reliability analysis is modeled using fourteen normally distrib-
uted independent random variables, comprising the eight vari-
ables listed in table 1 and six variables from the Larson–Miller
parameter method. The variables of Larson–Miller parameter

method represent epistemic uncertainties. The specific distri-
bution parameters for these random variables are detailed in
table 5. The interaction coefficient B for creep–fatigue coup-
ling is taken as 2.8.

Similarly, MCS and Kriging surrogate model-based
method are employed for comparison. MCS utilizes 10 000
samples. DPIM selects 915 representative points via the adapt-
ive point selection strategy, while the Kriging model adopts
the same number of samples as DPIM. Following the proced-
ure in figure 3, the LCF and creep damage for each represent-
ative point are determined and substituted into equation (15)
to calculate the creep–fatigue life and damage. Consequently,
the PDF of the creep–fatigue life and creep–fatigue reliabil-
ity are derived using equations (22) and (32), respectively, as
illustrated in figures 10 and 11.

The mean, standard deviation of creep–fatigue life, and
K–L divergence for the PDFs of creep–fatigue life calculated
by DPIM, Kriging model-based method and MCS are sum-
marized in table 6. The error and K–L divergence are cal-
culated using the results of MCS as the benchmark solution.
Additionally, the creep–fatigue reliabilities at different cycle
numbers are shown in table 7.

The K–L divergence between the PDF of creep–fatigue life
obtained by DPIM and that by MCS is 0.0039, which is lower
than the 0.0112 observed for the Krigingmodel-basedmethod.
Furthermore, it is seen from table 7 that the calculation error of
creep-reliability by DPIM is consistently lower. Consequently,
DPIM demonstrates higher accuracy in calculating the stat-
istical moments, PDF of creep–fatigue life, and creep–fatigue
reliability. The computational cost of DPIM is lower, being
approximately 10% of that required for MCS. Consequently,
DPIM is effective for the stochastic combined fatigue life and
reliability analysis of turbine blades considering creep–fatigue
interaction.

Similarly, figure 12 compares the fatigue reliability curves
of the turbine blade under various cases. Case S1 represents
the consideration of creep–fatigue interaction, as described in
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Table 5. Distributed parameters of random variables associated with creep–fatigue.

Random parameters Distribution Mean Standard deviation Random parameters Distribution Mean Standard deviation

r (rev min−1) Normal 9600 480 σ′
f (MPa) Normal 1381.77 27.6354

E (GPa) Normal 99 4.95 ε′f Normal 0.68 0.0340
ρ (kg m−3) Normal 8570 428.5 b Normal –0.09 0.0018
v Normal 0.328 0.0164 c Normal –0.56 0.0112
T (K) Normal 1100 55 C Normal 14.147 0.7074
a0 Normal 4.2254 0.2113 a1 Normal –8.1926 0.4096
a2 Normal 31.4522 1.5726 a3 Normal –63.8347 3.1917

Figure 10. PDF of creep–fatigue life for the turbine blade by various methods.

Figure 11. Creep–fatigue reliability of the turbine blade by various methods.

equation (15); Case S2 denotes the linear cumulative dam-
age method, corresponding to equation (14); and Case S3
neglects creep damage. The results indicate that the fatigue
reliability calculated for Case S1 is significantly lower than
that of the other two cases, demonstrating that creep damage

significantly reduces the fatigue reliability of the turbine blade.
Furthermore, the linear cumulative damage method tends to
overestimate fatigue reliability, which may lead to unsafe
designs. Therefore, it is crucial to account for creep effects
and the non-linear creep–fatigue interaction terms.
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Table 6. Comparison of creep–fatigue life of the turbine blade by using different methods.

Creep–fatigue life (N)

MCS DPIM Error Kriging Error

Mean 9864.9 9933.4 –0.69% 9599.6 2.69%
Standard deviation 4836.2 4827.3 0.18% 4822.8 0.28%
HK–L 0.0039 0.0112

Table 7. Comparison of creep–fatigue reliability of the turbine blade under different cycle numbers.

Number of operating cycles N

Creep–fatigue R(N)

MCS COV DPIM Error Kriging Error

0.5 × 104 0.8851 0.36% 0.8830 0.24% 0.8338 5.80%
1 × 104 0.3776 1.28% 0.3950 –4.60% 0.3337 11.63%
1.5 × 104 0.1201 2.71% 0.1249 –3.98% 0.1052 12.41%
2 × 104 0.0395 4.93% 0.0436 –10.33% 0.0349 11.65%

Note: COV means the coefficient of variation of MCS results.

Figure 12. Creep–fatigue reliability curve of the turbine blade
under various conditions.

5. Conclusions

This paper establishes a unified framework based on DPIM
for the stochastic analysis of CCF, creep–fatigue life, and reli-
ability of engine turbine blades. For CCF life and reliabil-
ity analysis, a hybrid time–frequency domain method based
on DPIM is proposed, which replaces the computationally
expensive time-domain analysis and significantly enhances
computational efficiency. Subsequently, DPIM is utilized to
efficiently conduct creep–fatigue life and reliability analysis.
The efficiency and accuracy of the proposed framework is
verified by numerical examples. The main conclusions and
insights are summarized as follows:

(1) The unified framework for stochastic combined fatigue life
and reliability analyses of turbine blades based on DPIM is
constructed. Utilizing the PDIE, the formulas for themean,
standard deviation, and PDF of the combined fatigue life

of turbine blades in input sample space are derived which
make them easy to computation, and the combined fatigue
reliability is obtained. This facilitates the unified stochastic
fatigue analysis of turbine blades within the framework of
DPIM.

(2) The hybrid time–frequency domain method based on
DPIM is proposed, significantly improving the computa-
tional efficiency of CCF fatigue reliability analysis for tur-
bine blades. The PSD of stress for the turbine blade is
calculated by frequency-domain method. Then, the stress
time histories are generated by the spectral representa-
tion method. The spectral representation method demon-
strates higher computational efficiency and can replace
time-consuming time-domain analysis. It presents a novel
and powerful tool for assessing the CCF reliability of aero-
engine turbine blades.

(3) For the estimation of statistical moments, PDFs of com-
bined fatigue life, and reliability, DPIM requires approx-
imately 10% of the number of representative points needed
forMCS. Furthermore, the computational error of DPIM is
lower than that of the surrogate model-based method. The
comparative study consideringmulti-resource randomness
illustrates that, DPIM is an efficient and accurate method
for assessing the combined fatigue reliability of turbine
blades.

(4) The combined fatigue reliability curves of the turbine
blade are compared in the presence and absence of coup-
ling terms. The results indicate that linear cumulative
method leads to overestimated reliability results, which
is detrimental to the combined fatigue design of turbine
blades. Therefore, it is necessary to incorporate coupling
terms to ensure that the calculation results align more
closely with practical engineering applications.

Finally, it is pointed out that the computational results and
conclusions of this study require further experimental valida-
tion, which will be our next work in the future. Additionally,
the distinction between epistemic and aleatory uncertainties
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and the selection of appropriatemodelingmethods remain crit-
ical challenges in this field, which need to be further studied.
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